Mathematica 11.3 Integration Test Results

Test results for the 61 problemsin "4.4.10 (c+d x)"m (a+b cot)*n.m"

Problem 3: Result more than twice size of optimal antiderivative.

ijot[a+bx} dx

Optimal (type 4, 53 leaves, 4 steps):

ix? xLlog[l-e?®@®X ]| jPpolylog|2, e?® (30X ]
+ —

2 b 2 b2

Result (type 4, 166 leaves):

1 2
= x2Cot[a] -
2

1 %2 4 ;(jbx (-n+2ArcTan[Tan[a]1) -

1+Tan[a]?

[CSC [a] Sec [a] b2 e]i ArcTan[Tan[a]

Log[1+e2*P*] -2 (bx+ArcTan[Tan[a]]) Log[1 - e?! (Px:ArcTaniTan(all) |,
mLog[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx +ArcTan[Tan[a]]]] +

iPolylog|2, e*! (bX*A“Ta”[Ta”[a”)]) Tan[a]]]/ (2 bz\/Sec[a12 (Cos[a]?+sin[a]?) )

Problem 7: Result more than twice size of optimal antiderivative.
JXZCot[a+bx]2dlx

Optimal (type 4, 74 leaves, 6 steps):

i x2 X3 XZCOt[a+bX] 2XLOg[1—e2ﬁ(a+bx)} ]lPOlyLOg[Z, eZJ‘L(a+bX)]
+

b 3 b b? b3

Result (type 4, 181 leaves):
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x> x2Csc[a] Csc[a+bx] Sin[bx]
-+

3 b

) 1
b2 gl ArcTan(Tan(al] y2 | —(J’l b x (—ﬂ+2ArcTan[Tan[a] ]) -

[Csc[a] Sec[a]
1+Tan[a]?

nlog[1+e?'PX] -2 (bx+ArcTan[Tan[a]]) Log[1- 2! (bxArcTan(Tan(all) ]
sLog[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx + ArcTan[Tan[a]]]] +

i Polylog|2, ! (bxArcTaniTan(all) ] ) Tan[a]}]/ [b3\/Sec[a12 (Cos[a]?+sin[a]?) )

Problem 13: Result more than twice size of optimal antiderivative.

JxCot[a+bx}3dlx

Optimal (type 4, 91 leaves, 7 steps):

x ix2 Cotla+bx] xCotla+bx]2 xLog[l-e?!(a:bX iPolylog|2, e (@bx |
-—+ - +

2b 2 2 b2 2b b 2 b2

Result (type 4, 201 leaves):

1 2 Cot [a] xCsc[a+bx]? Csc[a] Csc[a+bx] Sin[bx]
-—X"Cot|a| - + +
2 2b 2 b?
) 1
[Csc[a] Sec[a] |b?e ArcTaniTaniall 2 — = (i bx (-7+2ArcTan[Tan[a]]) -
1+Tan[a]?

7rLog[1+<e‘2jbX} -2 (bx+Ar‘cTan[Tan[a}]) Log[l—cezjL <bX*A'"CTa”[Ta”[a“)} +
smLog[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx +ArcTan[Tan[a]]]] +

i Polylog|2, ! (bxArcTaniTan(all) ] ) Tan[a]]]/ [2 bz\/Sec[a}2 (Cos[a]?+sin[a]?) ]

Problem 37: Result more than twice size of optimal antiderivative.

J(c+dx)3 (a+bCot[e+fx])dx

Optimal (type 4, 147 leaves, 8 steps):

a(c+dx)4 Jib(c+dx)4

+

4d 4d
b (c+dx)’Log[1- e (erfx] 3ibd (c+dx)?Polylog|2, et (eFx ] .
f 22
3bd? (c+dx) Polylog[3, e2* ¢f¥ ] 3ibd®Polylog[4, e2* (x|
23 ' 4 £

Result (type 4, 524 leaves):
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—%bcdz e ®Cscle] (2f*x* (2e**®fx+3i (-1+e**®) Log[l—e“(e”cx)” +
4 f

6 (-1+e?*®) fxPolylog[2, e** ®F¥ ] 134 (-1+e?%¢) PolylLog|3, e (¢F¥ ) -

1 . )
“bd*el®Cscle] |x*+ (—1+<e’2”) x4+

e?ie (—1+e’'®) (2F'x*+ 41 Log[1-e?! (P ]
4

214
6 2 x? Polylog[2, e** FX) ]| + 61 fxPolylog[3, e** ¥/ ]| -3 PolyLog[4, e2! (®F) )| +

1
=x(4c>+6c?dx+4cd*x*+d*x?) Csc[e] (bCos[e] +aSin[e]) +
4

(bc®Cscle] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e])) /
(f (Cos[e]?+sin[e]?)) -
3bc?dCsc[e] Sec[e] |elArcTanlTan(e]] £2 42 ;(i fXx (-7+2ArcTan[Tan[e]]) -
1+Tan[e]?
ﬂLog[1+e’2“X} -2 (-Fx+Ar'cTan[Tan[e}]) Log[l—ezjL “X*A"CT‘*”[Ta”[em} +
mLlog[Cos[fx]] +2ArcTan[Tan[e]] Log[Sin[fx +ArcTan[Tan[e]]]] +

i Polylog|2, ! (FxrarcTan(Taniel]) 1) Tan[e] / (2 FZJSec[e}z (Cos[e]?+sSin[e]?) )

Problem 38: Result more than twice size of optimal antiderivative.

J(c+dx)2 (a+bCot[e+Ffx]) dx

Optimal (type 4, 112leaves, 7 steps):
a(c+dx)® ib(c+dx)’ b(c+dx)’Log[1-e2! (eFX]

3d 3d f
ibd (c+dx) PolyLog|2, e2! (¢fX) | bd?Polylog|3, e (¢ ]
+
£ 26

Result (type 4, 361 leaves):
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1

12
6 (-1+e?*°) fxPolylog[2, e** ®F¥ ] 134 (-1+e?%¢) Polylog|3, e (¢F¥ ) +

bd*e®Cscle] (2f°x* (2e**®fx+31i (-1+e”'°) Log[l—e“(e*”)]) +

—x (3c*+3cdx+d*x*) Csc[e] (bCos[e] +aSin[e]) +

(bc*Cscle] (- -FxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e])) /
(f (Cos[e]?+sSin[e]?)) -
ehArcTan(Tan(e]] £2 42 | _r (ifx (-m+2ArcTan[Tan[e]]) -

[b cdCscle] Sec[e]
1+Tan[e]?

FLOg[lJr(E_ijX} -2 (-Fx+Ar'cTan[Tan[e}]) Log[l—ezjL “X*A"CTE”[Ta”[e“)} +
smLog[Cos[fx]] +2ArcTan[Tan[e]] Log[Sin[fx +ArcTan[Tan[e]]]] +

/(fz\/Sec (Cosle]®+sin[e]?) )

i PolyLog[Z, er (f x+ArcTan[Tan[e]] ]) Tan ]

Problem 39: Result more than twice size of optimal antiderivative.
J(c+dx) (a+bCot[e+fx])dx
Optimal (type 4, 83 leaves, 6 steps):

a(c+dx)® ib(c+dx)® b(c+dx)Log[1l-e?! (] ibdPolylog[2, e?! (Y]
_ N _
2d 2d f 2 2

Result (type 4, 196 leaves):

1 1 bclLog[Sin[e+ fXx
acx+—adx?+ —bdx?*Cot[e] + gl [e+?x]]
2 2 f

) 1
[desc[e} Sec[e] [e”‘"”a"”a"[e“ f2x*+ ————— (i fx (-7m+2ArcTan[Tan[e]]) -

1+Tan[e]?

7rLog[1+<e’2”X} -2 (-Fx+Ar‘cTan[Tan[e}]) Log[l—cezjL ““Arda””a”[em} +
mLog[Cos[fx]] +2ArcTan[Tan[e]] Log[Sin[fx +ArcTan[Tan[e]]]] +

/(szJSecm2 (Cos[e]?+Sin[e]?) )

i PolyLog [2) ezj (f x+ArcTan[Tan[e]]) ] ) Tan [e] ]

Problem 42: Result more than twice size of optimal antiderivative.

J(c+dx)3 (a+bCot[e+fx])2d1x

Optimal (type 4, 295 leaves, 15 steps):
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1'1b2(c+dx)3 az(c+dx)4 J'lab(c+dx>4 bz(c+dx)4

. f : 4d : 2d B 4d
b2 (c+dx)’Cote+fx] 3b2d (c+dx)®Log[1-e2! (e ]
f ’ £2 i
2ab (c+dx)’Log[1-e?i(=f¥] 3ib2d? (c+dx) Polylog[2, e! (¢+Fx) ]
f ) P -

3iabd (c+dx)2PolyLog[2, e2i <e+f><>] 3p2 g3 polyLog[3, Q21 (eﬂcx)}

f2 " 5 £4 *
3abd? (c+dx) Polylog(3, e?* (¢*f¥ | 3jabd’Polylog|4, ! (e+Fx ]

£ ' 2 £4

Result (type 4, 1313 leaves):
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—%bzdz’e‘jeCsc e] (2F2x? (2e?*fx+31 (-1+e’*®) Log[1-e! (®F¥ ])
4f
6 (-1+e?*®) fxPolylog[2, e ®F¥ ] 134 (-1+e?i¢) Polylog|3, e (¢F¥ ) -
2

Labcd2 efeCscle] (22x* (2e?*fx+31 (-1+e’®) Log[1-e*! (&F¥ )+

23
6 (-1+e?¢) fxPolylog[2, e #F¥ ] 134 (-1+e?"®) PolyLog|3, e (¢*F¥ ] - Labdiete
2
Cscle] |x*+ <—1+e’2ie> x*+ = e2te (—1+<e“e> (2'F4X4+4Ji'F3X3 Log[l—e“(e*fx)} +

2 f4
6 2 x? Polylog[2, e** F¥ ] .+ 6i fxPolylog[3, e** ®FX] -3 PolyLog[4, e2! (®F )| +

(3b>c*dCscle] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e])) /
(f* (Cos[e]?+sin[e]?)) +

(2abc?Cscle] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e])) /
(f (Cos[e]*+Sin[e]?)) +

1
— Cscle] Csc[e+fx] (4a°c® fxCos[fx] -4b”>c’>fxCos[fx]+6a>c’dfx*Cos[fx] -
8 f

6b2c2dfx?Cos[fx] +4a’cd?’Fx3Cos[fx]-4b’>cd?fx>Cos[fx] +a’d®fx*Cos[fx] -
b2d3 fx*Cos[fx] -4a’c3fxCos[2e+fx] +4b2c3fxCos[2e+Ffx] -

2c2dfx®Cos[2e+fx] +6b>c?2dfx®Cos[2e+fx]-4a’cd’fx>Cos[2e+fx]+
4b%2cd’fx3Cos[2e+fx]-a?d®Ffx*Cos[2e+fx] +b2d®fx*Cos[2e+Ffx] +8b2c3Sin[fx] +
24b2c?dxSin[fx] +8abcfxSin[fx] +24b%2cd?>x?Sin[fx] +12abc?dfx?Sin[fx] +
8b2d3>x3Sin[fx] +8abcd*fx3Sin[fx] +2abd®fx*Sin[fx] +8abc>fxSin[2e+fx] +
12abc*dfx*Sin[2e+fx] +8abcd*fx*Sin[2e+fx] +2abd’ fx*Sin[2e+fx]) -

3b%cd?Cscle] Sec[e] |elArcTan(Tan(e]] £2 52, !

1+Tan[e]?

(ifx (-m+2ArcTan[Tan[e]]) - rlog[1+e?'FX] -2 (fx+ArcTan[Tan[e]])
Log[1 - e?! (FxwArcTan(Tanlel]) | ;| og[Cos [f x]] + 2ArcTan[Tan[e]]

Log[Sin[fx+ArcTan[Tan[e]]]] + i PolylLog 2, e*! (FxArcTaniTan(el]) 1) Tan [e] /

(-F3\/Sec (Cos[e]?+sin[e]?) )— 3abc?dCsc[e] Sec[e]
. 1 )
eiArctan(taniel] £2 52, — (i fx (-7 +2ArcTan[Tan[e]]) - nLlog[1l+e ' FX]| -
1+Tan[e]?

2 (fx+ArcTan[Tan[e]]) Log[1 - e?! (FxwArcTaniTan(el]) | 4 s Log[Cos [fx]] +
2ArcTan([Tan[e]] Log[Sin[fx+ArcTan[Tan[e]]]] + i PolylLog[2, e (fx-ArcTaniTanle] ) ])

Tan| /(fz\/Sec (Cos[e]?+sin[e]?) )
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Problem 43: Result more than twice size of optimal antiderivative.

J(CerX)Z (a+bCot[e+fx])2d1x

Optimal (type 4, 227 leaves, 13 steps):
ib? (c+dx)2 a? (c+dx)3 2iab (c+dx)3 b2 <c+dx)3

+ — —

f 3d 3d 3d

b? <C+dx)2Cot[e+'FX] 2b%d (C+dx) Log[17e21<e+fX)]
* +

f £
2ab (c erx)2 Log[l— e?t <e*”>] i b2 d? PolyLog[Z, et (e*fx>]

£ £
2iabd (c+dx) Polylog[2, e** (¢*fX)] abd?Polylog|3, e2* (¢Fx)]

+

.FZ .F3

Result (type 4, 635leaves):

| 7
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—%abdz e ®Cscle] (2f*x* (2e**®fx+3i (-1+e**®) Log[1 - e*? (e*“)” +
6f

6 (-1+e?*°) fxPolylog[2, e** ®F¥ ] 134 (-1+e?%¢) Polylog|3, e (¢F¥ ) +
Ex (3c®+3cdx+d?>x?) Csc[e] (2abCos[e] +a*Sin[e] -b®>Sin[e]) +
3

(2b?cdCscle] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e])) /
(f? (Cos[e]?+sin[e]?)) +
(2abc®Cscle] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e])) /
1
(f (Cos[e]?+Sin[e]?)) +;
Cscle] Cscle+fx] (b>c®Sin[fx] +2b*cdxSin[fx] +b*d*x*Sin[fx]) -
1

i ArcTan[Tan[e]] .FZ X2 +

{bz d?>Cscle] Sec[e] |e

1+Tan[e]?

(ifx (-m+2ArcTan[Tan[e]]) -log[l+e?'**] -2 (fx+ArcTan[Tan[e]])
Log[1 - e?! (FxwArcTan(Tanlel]) ] s og[Cos [f x]] + 2ArcTan[Tan[e]]

Log[Sin[fx + ArcTan[Tan[e]]]] + i Polylog[2, e?! (fx+ArcTan(Tan(e]]) | ) Tan[e]

/

(f3 \/Sec[e]z (Cosle]®+sin[e]?) ) - {Za bcdCsc[e] Sec[e]

) 1 .
eiArcran(taniel] £2 52, — (i fx (-;+2ArcTan[Tan[e]]) - nLlog[l+e ' FX]| -

1+Tan[e]?

2 (fx+ArcTan[Tan[e]]) Log[1 - e?! (FxArcTaniTan(el]) | 4 s Log[Cos [fx]] +
2ArcTan[Tan[e]] Log[Sin[fx+ArcTan[Tan[e]]]] + i PolylLog[2, e (Fx-ArcTaniTanle]]) )

/(-I:Z\/Sec[e]2 (Cosfe]®+sin[e]?) )

Tan[e]

Problem 47: Result more than twice size of optimal antiderivative.

J(CerX)B (a+bCot[e+fx])>dx

Optimal (type 4, 603 leaves, 28 steps):
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31‘1b3d(c+dx)2 3]'Lab2(c+dx)3 b3(c+dx)3 a3(c+dx)4

+ —

22 f o 2f 4d
3ia?b (c+dx)* 3ab?(c+dx)* ib®(c+dx)* 3b3d(c+dx)’Cot[e+fx]
4d ) 4d " ad - 2 f£2 B
3ab? (c+dx)3Cot[e+fx] b3 (c+dx)3Cot[e+1‘:x]2 3b%d? (c+dx) Log[1-e2t (2]
f . 2f ’ £3 *
9ab?d (c+dx)’Log[1-e2: )] 3a2b (c+dx)’Log[1-e2 (e ]
o + ; _
b3 (c +dx)3 Log[l _e2i (E+‘FX)} 31 b3d3 PolyLog[Z, e2i (e+fx)]
f _ 2 £ .
9iab?d? (c+dx) Polylog[2, e?! (=f¥ ] 9ia’bd (c+dx)?Polylog[2, e2i (e+fx ]
’CB _ 2 2 "
3ib3d (c+dx)*Polylog[2, e ¢ fX ] 9ab2d®PolylLog|3, e? (e+F ]
2 2 ' 2 "
9a2bd? (c+dx) Polylog[3, e2i (¢fX)]  3b*d? (c+dx) Polylog|3, e?* (&Fx |
22 i 23 !
91a2bd3 PolyLog[4, e2t (e+FX)} 31 b3d3 PolyLog{4, 21 (e+fx)]
44 ) 4 £

Result (type 4, 2539 leaves):
(-b*c®-3b>c?2dx-3b3cd?x?-b*>d®x3) Csc e+ fx]? 1

2f s
3ab’d*e'®Cscle] (22X (2e2*°fx+3i (-1+e?'®) Log[1-e?* (& FX]) 4
6 (-1+e?*%) fxPolylog[2, e** #F¥ ] 1 3i (-1+e?%®) PolyLog|3, e (¢F¥ ]) -
%Bazbcdze’“Csc[e] (2F2x* (2e*'°fx+31 (-1+e'®) Log[1-e2! (&F ) 4
4f
6 (-1+e?*) fxPolylog[2, e #F¥ ] 134 (-1+e?%°) PolyLog|3, e** (¢*F¥ ]) +

L3b3cd2 e'eCscle] (2f2x* (2e®*fx+31 (-1+e’'®) Log[1-e*! (*F¥ )+
4 f

6 (-1+e°'®) fxPolylog[2, e *F¥ ]| 134 (-1+e?"°) Polylog|3, e*' (¢*F¥ |) - iazbd3 el

4
Cscle] [x*+ (-1+e?'®) x*+ 4@’2“(—1+e”e> (2F*x*+ 417 Log[1-e®' (¢ F¥ ]| 16X
2f
PolyLog[2, e** ®**¥ | + 6i fx PolyLog[3, e** (¢*f¥ | -3 Polylog|4, e?! (¢ Fx)| )] Lt b3 d?
4
et®Cscle] X4+<—1+e’2“) x4+ 14@’219(—1+e2“> (2'F4X4+411'F3X3Log[l—ezj(e*f)‘)]+
2f

6 2 x> Polylog [2, @2l (exfx) ] +6 1 fxPolylLog [3, @2l (exfx) ] -3 PolyLog [4, g2l (e+fx) ] ) ) +

(3b>cd*Cscle] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e])) /
(f? (Cos[e]?+sin[e]?)) +

(9ab*c?®dCsce] (-fxCos[e] +Log[Cos[fx]Sin[e] +Cos[e] Sin[fx]] Sin[e])) /
(f* (Cos[e]®+Sin[e]?)) +

(3a®bc3Cscle] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e])) /
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‘(f (Cos[e12+Si\n[e]2))
(b>c®Cscle] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e])) /
(f (Cos[e]?+Sin[e]?))

(3x* (-a’c®d+3ia’bc®d+3ab’c?d-ib’c®>d+a’c?>dCos[2e] +3ia*bc*dCos[2e] -
3ab®c?dCos[2e] -i1b3c?dCos[2e] +1ac?dSin[2e] -3a?bc?dSin[2e] -
3iab’c?’dsin[2e] +b’>c®dsSin[2e])) /(2 (-1+Cos[2e] +iSin[2e])) +

(x* (-a*cd*+3ia’bcd*+3ab*cd®-ib’cd®+a’cd’Cos[2e] +3ia’bcd’Cos[2e] -
3ab?cd?Cos[2e] -1b3cd?*Cos[2e] +1a*cd?Sin[2e] -3a’bcd®Sin[2e] -
3iab’cd’Sin[2e] +b’cd’®Sin[2e])) /(-1+Cos[2e] +iSin[2e]) +

(x* (-a’d®*+3ia’bd*+3ab>d®-ib’d®+a’d’Cos[2e] +3ia’bd’Cos[2e] -3ab’d’Cos[2e] -
ib’d®Cos[2e] +ia*d®Sin[2e] -3a’bd’Sin[2e] -3iab*d®Sin[2e] +b*d*Sin[2e])) /

3ia’bc?

-1+Cos[2e] +1Sin[2e]

+

(4 (-1+Cos[2e] +iSin[2e])) +x |a®c®-3ab>c?+

+

3ia’bc3Cos[2e] -3a%bc3Sin[2e]

+(-2ib*cCos[2e] +2b*c*sin[2e]) /
-1+Cos[2e] +1Sin[2e]

((-1+Cos[2e] +iSin[2e]) (1+Cos[2e] +Cos[4e] +iSin[2e] +iSin[4e])) +
(-2ib*c*Cos[4e] +2b>c?Sin[4e]) /
((-1+Cos[2e] +iSin[2e]) (1+Cos[2e] +Cos[4e] +iSin[2e] +iSin[4e])) -
ib3c3 -ib*c3Cos[6e] +b3c3Sin[6e] 1
—1+Cos[6e}+jsin[6e}+ -1+Cos[6e] +1Sin[6e] +2{2
3Cscle] Cscle+fx] (b>c?dSin[fx] +2ab’>c®fSin[fx] +2b%cd®xSin[fx] +
6ab>c>dfxsSin[fx] +b>d®x*Sin[fx] +6ab’cd’ fx*Sin[fx] +2ab>d> £’ Sin[fx]) -

3b3 d3 CSC[E] Sec[e} eJ'lAr‘cTan[Tan[e]] .FZ X2+ 1

1+Tan[e]?

(i fx (-m+2ArcTan[Tan[e]]) - nlog[1+e 2 ¥X] -2 (fx+ArcTan[Tan[e]])
Log[1 - et (FxwArcTan(Tanlel]) ] ;L og[Cos [fx]] +2ArcTan[Tan[e] ]

Log[Sin[fx +ArcTan[Tan[e]]]] + i PolylLog|2, e*! (FxArcTaniTan(el]) 1) Tan[e] /

(2F4\/Sec[e]2 (Cos[e]?+sin[e]?) ) - |9ab?cd?Csc[e] Sec[e] |elArcTaniTan(e]] £2y2

1 )
(ifx (-rm+2ArcTan[Tan[e]]) -nLog[1+e?*FX| -2 (fx+ArcTan[Tan[e]])
1+Tan[e]?

Log[1 - g2t (FxArcTan(Tan(e]]) | ;1 og[Cos [f x]] + 2 ArcTan[Tan[e]]

Log[Sin[fx+ArcTan[Tan[e]]]] + i Polylog|2, e*! (FxArcTaniTan(el]) 1) Tan[e] /

(f3 \/Sec[e]z (Cos[e]?+sin[e]?) ) - |9a’bc?dCsc[e] Sec[e] |elArcTan(Tan[e]] £2 52

1 )
(ifx (-7+2ArcTan[Tan[e]]) -nlog[1+e?'FX| -2 (fx+ArcTan[Tan[e]])
1+Tan[e]?



Mathematica 11.3 Integration Test Results for 4.4.10 (c+d x)~m (a+b cot)”~n.nb | 11

Log[1 - g2t (FxArcTan(Tan(e]]) ] ;| og[Cos [f x]] + 2 ArcTan[Tan[e]]

Log[Sin[fx+ArcTan[Tan[e]]]] + i Polylog|2, e*! (FxArcTaniTaniel]) 1) Tan[e] /

(Z-Fz\/Sec[e]2 (Cos[e]?+sin[e]?) ) +|3b3c?dCscle] Sec[e]

;(jfx (-7 +2ArcTan[Tan[e]]) - nLog[1+e 2 ] -

1+Tan[e]?

e]‘lAr‘cTan[Tan[e]] .FZ X2 +

2 (fx+ArcTan[Tan[e]]) Log[1 - e?! (FxArcTaniTaniel]) | 4 st Log[Cos [fx]] +
2ArcTan([Tan[e]] Log[Sin[fx +ArcTan[Tan[e]]]] +i PolylLog[2, e (FxwArcTaniTanle]]) ] )

Tan[e] /(21‘:2x/5ec[e]2 (Cos[e]?+sin[e]?) )

Problem 48: Result more than twice size of optimal antiderivative.

J(c+dx)2 (a+bCot[e+fx])3d1x

Optimal (type 4, 433 leaves, 22 steps):

b3cdx b3d2x2 31’1ab2(c+dx)2 a-”(c+dx)3 iazb(C+dX)3

£ 2f f VI d )
abz(c+dx)3 J'1b3(c+dx)3 b*>d (c+dx) Cotle+fXx] 3ab2(c+dx)2Cot[e+fx]
d : 3d ) £ : £ )

b3 (c+dx)2Cot[e+fX}2 +6ab2d (c+dx) Log[1- et (&Fx] .

2f £
3a2b (c+dx)?Log[1-e?i(ef] b3 (c+dx)’Log[1-e?! (&0 ]

f . f '

b3 d2 Log[Sin[e + fx]] 31iab?d? PolyLog[Z, et (eﬂcx)]

.F3 .F3
3ia?bd (c+dx) Polylog[2, 2% (f ] ib3d (c+dx) PolyLog[2, e?! (x|

+ +
.FZ .FZ

332pd2 POlyLOg [3) et (e+f x) ] b3 d2 POlyLOg [3, @2t (e+f x) }

23 2 f3
Result (type 4, 1825 leaves):
—%azbdze’j‘eCSc[e] (2F2x* (2€e*'°fx+31i (-1+e*'®) Log[1-e2" (&FO ) +
* 6 (-1+e’*®) fxPolylog[2, e** X ] +3j (-1+e’'¢) Polylog[3, e2! (¢F¥)]) 4
1

12 f3
6 (-1+e?t®) fxPolylLog|2, e?* (¢FX) ]| .31 (~1+e?%¢) PolyLog[3, e?f (e F¥ ) 4

b3d?2e '€ Cscle] (2'F2X2 (Ze“e-FXJrBj (—1+e2“) Log[l—e“(e*‘cx)]) n
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(b? dZ\Csc[e] (—lfxCos[e1 +Log[Cos[Fx}‘Sin[e]‘+Cos[e] éin[Fx1]LSin[e1))/ -
(f* (Cos[e]®+sSin[e]?)) +

(6ab>cdCscle] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e])) /
(f? (Cos[e]?+sin[e]?)) +

(3a>bc?Cscle] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]] Sin[e])) /
(f (Cos[e]*+Sin[e]?)) -

(b*c*Cscle] (-fxCos[e] +Log[Cos[fx] Sin[e] +Cos[e] Sin[fx]]Sin[e])) /
(f (Cos[e]?+sin[e]?)) +
1

12 2

Cscle] Cscle+fx]* (6b’cdCos[e] +18ab*c®fCos[e] +6b>d®>xCos[e] +

36ab’cdfxCos[e] +18a%’bc?>f?>xCos[e] -6b3c?>f2xCos[e] +18ab?d?fx?Cos[e] +
18a’bcdf?x?Cos[e] -6b3cdf?>x?Cos[e] +6a’bd?f2x3Cos[e] -2b3d?f2x3Cos[e] -
6b3cdCos[e+2fx] -18ab?c?fCos[e+2fx] -6b3d?’xCos[e+2fx] -
36ab’cdfxCos[e+2fx] -9a’bc?f?xCos[e+2Ffx] +3b3c?2f2xCos[e+2fx] -
18ab?d?fx?Cos[e+2fx] -9a’bcdf?x?Cos[e+2Ffx] +3b>cdf®x?*Cos[e+2fx] -
3a’bd?’f2x3Cos[e+2fx] +b3d?>f2x>Cos[e+2fx] -9a’bc®f>xCos[3e+2Ffx]+
3b3c?f2xCos[3e+2fx]-9a’bcdf?x?Cos[3e+2Ffx] +3b3cdf?x?Cos[3e+2fX] -
3a2bd?’f2x3Cos[3e+2fx] +b3d*f2x*Cos[3e+2fx] -6b3c>fSin[e] -
12b>cdfxSinfe] +6a®>c?f>xSin[e] -18ab?c2f>xSin[e] -6b3d?> fx?Sin[e] +
6a’cdf?x?Sinfe] -18ab?cdf?x?Sinfe] +2ad?’f2x3Sin[e] -6ab?d?f2x3Sin[e] +
3a3c?f2xSinje+2fx] -9ab?c?f>xSin[e+2fx] +3a’cdf?x?Sin[e+2fx] -
9ab?cdf?x?Sin[e+2fx] +a’d*f2x>Sinje+2fx] -3ab?d?>f>x3Sin[e+2fx] -
3a3c?f?xSin[3e+2fx] +9ab?c?f?xSin[3e+2fx] -3a%cdf?x?Sin[3e+2fx] +
9ab’cdf?x*sin[3e+2fx] -a*d*f2x>Sin[3e+2fx] +3ab>d* > x’Sin[3e+2fx]) -
) 1
3ab?2d?Csc[e] Sec[e] |elArcTan(Tan(e]] £2 42
1+Tan[e]?

(i fx (-m+2ArcTan[Tan[e]]) -nlog[1+e 2 FX] -2 (fx+ArcTan[Tan[e]])

[1 B ez i (fx+ArcTan[Tan[e]]) ]

Log +mLog[Cos[fx]] +2ArcTan[Tan[e]]

Log[Sin[fx+ArcTan[Tan[e]]]] + i Polylog|2, e*! (FxwArcTaniTan(el]) ) Tan[e] /

(-F3\/Sec[e]2 (Cos[e]?+sin[e]?) ) - |3a’bcdCsc[e] Sec[e]

. 1 )
elArcranilaniel] £2 52 . — (i fx (-7 +2ArcTan[Tan[e]]) -nlog[1l+e2tfx] -

1+Tan[e]?
2 (fx+ArcTan[Tan[e]]) Log[1 - e?! (FxArcTaniTan(el]) |, v og[Cos [fx]] +
2ArcTan([Tan[e]] Log[Sin[fx+ArcTan[Tan[e]]]] + i PolylLog[2, ! (fxwArcTaniTanle]]) ] )

Tan[e] /(1:2\/Sec[e]2 (Cos[e]?+sin[e]?) ) +

. 1
b>cdCscle] Sec[e] |etAreTaniTanel] £252, — = (i fx (-n+2ArcTan[Tan[e]]) -

1+Tan[e]?
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nlog(1l+e?tfx] -2 (fx+ArcTan[Tan[e]]) Log[1 - e2* (fxwArcTan(Tanlel]) |

sLog[Cos[fx]] +2ArcTan[Tan[e]] Log[Sin[fx +ArcTan[Tan[e]]]] +

/(-sz/SeC (Cos[e]? +Sin[e]2)>

i PolyLog[z, (221'1 (f x+ArcTan([Tan[e]] ]) Tan ]

Problem 57: Result more than twice size of optimal antiderivative.
J (c+dx) ix
(a+bCotle+fx])?

Optimal (type 4, 839 leaves, 21 steps):

280 fcdx)’ 202 (c v dx)’ (c-dx)*
) + -
(a2+b2)2f (a-1ib) (a+jb)2(ja+b—(ia—b) Q1e2ifx) £ 4 (asi )
b (c+dx)* b2<c+dx)4+3b2d(C+dx)2Log[1_la+_ﬂbaije—z”}_
2

(a+ib)? (ia+b)d (a?+b?)*d (a2 + b2) 2 f2

2b <c+dx)3Log[1—M] 21ib2 <c+dx)3Log[1—M]

a-ib _ a-ib B
(a-ib) (a+ib)*f (a2 b2)2f
3ib%d (c+dx) Polylog[2, 2 5] 3bd (crdx)”Polylog[2, S ETE]
(az+b2>21:3 (a+1’1b)2 <]'La+b> £
367 (c +dx)? Polylog[2, L1 S 36 Polylog[3, i e
+ —
<a2+b2>2f2 2(a2+b2)2-F4
3bd [c+dx) Polylog[3, SICEET] 35 b7 R (1 dx) Polylog[s, (210 +
<afjb) (a+jb)2f3 (az+b2)zf3
3bd’ Polylog[4, (ole =] 3 PolyLog|4, (it 2)
2(a+ib)? (ia+b) 2 (a2 + b2)% 4

Result (type 4, 2706 leaves):
1

2(a-ib)? (a+ib)® (-ia(-1+e2i¢) +b (1+e2ic))

be’*® |4 (a-ib) (a+ib) c?f® (-3bd+2acf)x-

4(a-ib)c?e?'® (a(-1+e**®)+ib(1+e*'®))f (-3bd+2acf) x+
12a(a-ib)bcd®fx*+12b% (ia+b) cd*fx*-12a (a-ib)bcd’e? x>+
12b* (ia+b) cd®e?'®fx*-12a% (a-ib) c*df*x*-12ia (a-ib)bc?df x*+
12a* (a-ib) ?de?'®f*x*-12ia(a-ib)bc’de? ' x*+

12 (a-ib) (a+ib)cdf’ (-bd+acf)x*+4a(a-ib)bd® x>+

4b? (ia+b) P FxP-4a(a-ib)bd®e2 eF 31 ab2 (ia+b) de2ief-
8a’ (a-ib)cd*f*x*-8ia(a-ib)bcd®f*x’+8a% (a-ib)cd’e? e x>~
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Sja‘(a—jﬁ)bcdze’“ef“x3\+4(a’—jb) (a+1ib) dz-f-:3(—b<j/+2acf) x3 -
22’ (a-ib) > x*+2a(a-ib) (a+ib)d®f x*-21ia(a-ib)bd®f x*+
22’ (a-ib)d®e?*f*x*-2ia(a-ib)bd’e? *f'x*-3 (a-ib)bc’de?’®

2abe2]‘1 (e+f x)
4-FX—2Ar'cTan[ }+

a2 (_1+(EZJ'1 (e+FX)) _ p2 <1+(921'1(e+fx)>

(a(-1+e2¢) vib (1+e2i¢)) £

ilog|a? (—1+e“<e*‘cx))2+b2 (1+e“<e*fx)>2]] +2a(a-ib) e’

Zabezil (e+f x)
4fx-2ArcTan| |+

(a(-1+e®) +ib (1:e2¢)) £ . .
a2 (*1+@21 (e+‘FX)) _p2 <1+(82]l (e+‘FX)>

J'lLog[a2 (71+@21<e+f><)>2+b2 <1+621(e+fx)>2]] B
6b(ia+b)cd®e?'®(-ia(-1+e**®) +b (1+e*'®))f

(a+j1b) ezﬁ (e+f x)
a-1ib ]

6a(a-ib)clde2i¢ (a(-1+e2i¢) +ib (1+e?ie)) 2

<a+ i b) er (e+f x) ]

2fx

-Fx+JiLog[1—

(a+ib) eZJi(e+'Fx)
+ PolyLog|2, ]] +

a-1b

(a+]-]_ b) (821'1 (e+f x)
2fx

fx+ilog[l- + PolyLog|2,

N ]]b(jaer)

(a+1‘1b) eZJi (e+f x)
1)+

a-1b

d*e?i®(-ia(-1+e*'®) +b (1+e’'®)) [2f2x2 (2fx+3uog[1- "
a-1

(a + 1 b) eZJi (e+f x)

6 f x Polylog|2, | +31iPolylog|3,

a-1b a-1b
2a(a—jb)cdze*“e(a(—1+e2“)+jb(1+e“e))f

<a + i b) (eZ]i (e+f x) ]

(a+]-]_ b) (821'1 (e+f x)
)]+

(a L1 b> erL (e+f x)

+6fxPolylog|2, |+

a-1b

2F2x? [2fx+31log[l-
a-ib

(a+ i b) eZJi (e+f x)

BiPolyLog[B, ]] +a (a—jlb) d3 e2ie (a (—1+e2je) +ib <1+e2]ie>>

a-1b

<a+jb) eZJi(e+-Fx) (a+1’1b) eZi(e+~Fx)

| +6f*x*Polylog|2,
a-ib a-ib

TGS ]

(3x* (-ac?d-ibc*d+ac*dCos[2e] -ibc®dCos[2e] +iac*dSin[2e] +bc*dSin[2e])) /
(2 (a-ib) (a+ib)
(-a+ib+aCos[2e] +ibCos[2e] +iaSin[2e] -bSin[2e])) +
(x* (~acd®-ibcd’+acd*Cos[2e] -ibcd®Cos[2e] +iacd’Sin[2e] +bcd®Sin[2e])) /
((a-ib) (a+ib) (-a+ib+aCos[2e] +ibCos[2e] +iaSin[2e] -bSin[2e])) +
(x* (-ad®*-ibd®>+ad®Cos[2e] -ibd*Cos[2e] +iad®Sin[2e] +bd’Sin[2e])) /
(4(a-ib) (a+ib) (-a+ib+aCos[2e] +ibCos[2e] +iaSin[2e] -bSin[2e])) +
x (c®/(a®-2iab-b*+a*Cos[4e] +2iabCos[4e] -b*Cos[4e] +ia’Sin[4e] -2abSin[4e] -
ib®>Sin[4e]) + ((-ia-b-iaCos[2e] +bCos[2e] +asSin[2e] +ibSin[2e])
(4abc®Cos[2e] +4iabc?Sin[2e])) /((a-1ib) (a+1ib)
(-a+ib+aCos[2e] +ibCos[2e] +iaSin[2e] -bSin[2e]) (a®>-2iab-b*+a’
Cos[4e] +2iabCos[4e] -b?Cos[4e] +1a’Sin[4e] -2abSin[4e] -ib%Sin[4e])) +

|+

[2-F4x4+411f3x3Log[1—

<a +1i b> eZJ‘L (e+f x)

6 1 f x PolylLog [3, } -3 Polylog [4,

a-1b a-1b
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(c*Cos[4e] +ic®Sin[4e]) /(a®>-2iab-b>+a’Cos[4e] +2iabCos[4e] -
b’>Cos[4e] +1ia’Sin[4e] -2abSin[4e] -ib>Sin[4e])) +
(> c*sin[fx] +3b>c?dxSin[fx] +3b>cd®x*Sin[fx] +b>d*x*Sin[fx]) /
((a-ib) (a+ib)f(bCos[e] +aSin[e]) (bCos[e+fx] +aSin[e+Ffx]))

Problem 58: Result more than twice size of optimal antiderivative.
J (c+dx)2 x
(a+bCo‘c[e+1‘:x])2

Optimal (type 4, 650 leaves, 18 steps):
2ib? (c+dx)? 2b2 (c+dx)?

+

(a2 +b2)% f (a-ib) (a+ib)®(ia+b- (ia-b)eie2ifx)f

(c+dx)3 4b(c+dx)3 4b2(c+dx)3

3(a+ib)®?d 3(a+ib)?(ia+b)d 3 (a?+b2)%d

2b2d (c+dx) Log[1- (BHELE 2D oy (¢4 dx)? Log 1 - (ariblet ST

a-ib _ a-ib N

(a2+b2>2-|:2 (a-ib) (a+jb)2f

2ib? [+ dx)? Log[1- LHBLEEET] b2 Polylog[2, et ]
(a>+ b2)2 f (a2 + b2)7 £2

2bd (c+dx) PolyLog|2, Maj;)e—zm] i 2b?d (c+dx| PolyLog|2, Majb)e—zm} )

(a+ib)? (1a+b) 2 (a2 + b2)2 2
b d? Polylog 3, (#4%</ *" | 4 b7 d? Polylog[3, bl
(a-ib) (a+ib)*f (a2 + b?)2 3

Result (type 4, 1309 leaves):



16 | Mathematica 11.3 Integration Test Results for 4.4.10 (c+d x)~m (a+b cot)”n.nb

1
3 (a2+b2)2 <—Jia (—1+<e“e> +b (1+e“e)> f3

b [F ~12abcde?i®fx-12ib*cde?i®fx+12a%c?e?’®f2x+121abc?e?i®fix

6abd?e?i®fx?-6ib?d?e?i®fx?+12a’cde?’®f?x?+12iabcde?i®f2x%+
4a’d’ e’ f2x+4iabd? e f x’-6c (a(-1+e?'®) +ib (1+e?"?))
2abeb‘1(e+fx)

aZ (_1+(62]i (e+Fx)> _b2 (1+ezi(e+fx)> ]

(-bd+acf) ArcTan |

+

(a+ i b) eZJi (e+f x)

6id (a (—1+e“e> +1b <1+<e“e)) X (—bd+a'F (2c+dx>) Log[l— ]+

a-ib
3iabcdlog[a? (-1+e?t (@F¥)2,p2 (142l (eF0)2)

3b2cdlog|a? (~1+e?t (FX))2 p2 (14 g2t (eF0)2]

3iabcde?te Log[az (71+621(e+1’x)>2+b2 (1+621(e+fx)>2] +

3b2cde?i® Log|a? (71+e211(e+fx >2+b2 (1+eu(e+fx>>2] B

3ia*c?flogla? (-1+e! (&F0)2, p2 (142t (e Fx)2]

3abc®flogla? (-1+e?t (&0 )2+b2 (1+e?* (erFx) )2] +

3ia?c?e’'® fLog|a’ (-1+ e “e*‘cx))2+b2 (1+e? ﬁ(e*‘cx))z} -

3abc?e?'®fLog|a’ (—1+<e“<e*”)>2+b2 (1+<e“<e*fx)>2] +

<a i1 b) eu (e+f x)

3d (a(-1+e®*®)+ib(1+e*'°)) (-bd+2af (c+dx)) Polylog|2, |+

a-ib

. 21 (e+fx)
3iad® (a(-1+e’'®) +ib (1+e?'¢)) Polylog|3, <a+1b)€ ]]Jr
a-1b
(3a®c®fxCos[fx] -3b>c?fxCos[fx] +3a’cdfx’Cos[fx] -
3b%2cdfx?Cos[fx]+
a2d?>fx3Cos[fx] -
b2 d? f x3 Cos [f x] -
3a2c?fxCos[2e+fx] -
3b2c?fxCos[2e+fx] -
3a2cdfx?Cos[2e+fx] -
3b2cdfx?Cos[2e+fx]
a?d?fx>Cos[2e+fx] -b>d>fx3Cos[2e+fx]+
6b2c2Sin[fx] +12b%cdxSin[fXx] -
6abc?2fxSin[fx] +6b2d?x?>Sin[fx] -
6abcdfx®Sin[fx] -2abd’fx’Sin[fx]) /
(6 (a-ib) (a+ib)f (bCos[e] +asSin[e]) (bCos[e+fx]+aSin[e+fx]))

Problem 59: Result more than twice size of optimal antiderivative.

c+dx
J dx
(a+bCot[e+fx})2

Optimal (type 4, 213 leaves, 5steps):
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(c+dx)2 (bd—Zac-F—Zad-Fx)2 b(c+dx)
+ +

_2<a2+b2)d+4a<a_jlb)2(a+jlb)d-|:2 (a2+b2)f<a+bCot[e+fx}>

b(bd-2acf-2adfx) Log[lfia*—j‘b;ﬂﬁ} ) iabdPolylog|2, %]

(a? + b2)? £2 (a2 + b2)? f2

Result (type 4, 730 leaves):
7(((e+1cx) (-2de+2cf+d(e+fx)) Cscle+fx]? (bCos[e+fx] +aSin[e+-Fx])2)/
(2(—1’1a+b> (ia+b) 2 (a+bCot[e+fx})2))+
(desc[e+-Fx]2<—a(e+fx)+bLog[bCos[e+fx}+aSin[e+-Fx]}>
(bCos[e+fx] +aSin[e+-Fx])2)/(<fja+b) (ia+b) (a%+b?) 2 (a+bCot[e+fx])2) +
(2adeCsc[e+fx}2(—a(e+-Fx)+bLog[bCos[e+fx]+aSin[e+fx]])
(bCos[e+fx] +aSin[e+-Fx])2)/(<fja+b) (ia+b) (a%+b?) (a+bCot[e+Fx])2) -
(2acCsc[e+fx}2(—a(e+-Fx)+bLog[bCos[e+fx}+aSin[e+fx]})
(bCos[e+-Fx}+aSin[e+-Fx])2)/

((7Jia+b> (ia+b) (a2+b2)f(a+bCot[e+fx})2) +|dCscle+fx]?

i ArcTan| 2] <e+-Fx)2+ b|i(e+fx) (—Jr+2Ar‘cTan[E] -nlog[1+e 2t (eFX ]

1
a
a l1+i
aZ

2 e+-Fx+Ar‘cTan[f] Log[l—e“(e+fX+Ar°Tanm)] +7Log[Cos[e+Ffx]] +

b ) b .
2ArcTan| —] Log[Sin|e+ fx +ArcTan[—]|]] + i PolyLog[2, e

21 (efx+ArcTan| 2| ) ] )

2 2
(-iasb) (iasb) |20

f2 (a+bCotle+fx])?| +

(bCos[e+fx}+aSin[e+Fx])2/ -
a

(Cscle+fx]? (bCos[e+Fx] +aSin[e+fx])
(-bdesSin[e+fx] +bcfSin[e+fx] +bd (e+fx] Sin[e+fx}))/
((—J’la+b) (ia+b) £ <a+bCot[e+Fx1>2)
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Summary of Integration Test Results

61 integration problems

A - 48 optimal antiderivatives

B - 13 more than twice size of optimal antiderivatives
C - O unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - Ointegration timeouts



